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ABSTRACT

In this paper a novel approach for detecting unknown target maneuver using range rate information is pro-
posed based on the generalized Page’s test with the estimated target acceleration magnitude. Due to the high
nonlinearity between the range rate measurement and the target state, a measurement conversion technique is
used to treat range rate as a linear measurement in Cartesian coordinates so that a standard Kalman filter can
be applied. The detection performance of the proposed algorithm is compared with that of existing maneuver
detectors over various target maneuver motions. In addition, a model switching tracker based on the proposed
maneuver detector is compared with the state-of-the-art IMM estimator. The results indicate the effectiveness of
the maneuver detection scheme which simplifies the tracker design. The tracking performance is also evaluated
using a steady state analysis.

1. INTRODUCTION

Maneuvering target tracking (MTT) is challenging due to the fact that the target acceleration is generally
unknown and not directly available through radar measurements. Decision based techniques for MTT have been
studied extensively in the literature, where the target state estimation is based on a motion model determined by
the maneuver detector. Clearly, reliable and timely decision on the target maneuver onset time is the key to this
approach. There exist quite a few algorithms to detect unknown target maneuvers.17, 22 These algorithms usually
rely on the linear Gaussian assumption of the target dynamic model and measurement equation. In addition,
some approaches make soft decisions between non-maneuver and maneuver target motions, as in multiple model
estimation.2

Recently, a range rate (also known as the radial or Doppler velocity) based target maneuver detection has
been proposed.6 The results indicate that the use of range rate information helps detect target maneuvers and
estimate the maneuver magnitude by assuming a constant turn rate motion. It is believed that the maneuver
detection performance relies heavily on the accuracy of the range rate measurement as well as the maneuver
model. Similar research efforts have been made to improve the maneuvering target tracking performance by
exploiting the range rate information.8–12, 27 Since range rate measurements are highly nonlinear with respect
to the target state in the Cartesian coordinates, conventional methods either convert target position and radial
velocity measurements from the polar to the Cartesian coordinates or apply the extended Kalman filter (EKF) of
various kinds, which sometimes may diverge due to large linearization error. The error compensation methods of
measurement conversion from the polar to the Cartesian coordinates were studied based on linearization or nested
conditioning.3, 11, 28 Several sequential filters were proposed to process position and range rate measurements.9, 10

However, those techniques still rely on the EKF to incorporate the range rate measurement.

This paper intends to address the following issue: how to effectively incorporate range rate information for
maneuver detection and tracking when a Kalman filter based tracker is used.

First, based on our previous study,23 incorporation of range rate measurements in the Kalman filter based
tracker design is a nontrivial issue. We propose a measurement conversion technique to treat range rate as a
linear measurement in the Cartesian coordinates so that the standard Kalman filter can be directly applied.1



Second, we refine the maneuver magnitude estimate that indicates the total acceleration along both tangential
and normal directions rather than the minimum turn acceleration estimate in reference.6 We further investigate
the maneuver detector based on Page’s test, which is also known as cumulative sums (CUSUM) test.13, 14, 21

It yields the quickest maneuver detection if the target maneuver motion is known while the only unknown
quantity is the maneuver onset time. The major challenge of this approach is to find a reliable test statistic that
can distinguish between non-maneuver and maneuver motions. We use Gamma distribution to approximate the
empirical probability density function (pdf) of the estimated total target acceleration. Based on the approximated
pdf, the generalized Page’s test can be developed for different target maneuver motions with various approximate
Gamma distributions.

Third, we are interested in the performance improvement using range rate information by comparing the pro-
posed maneuver detector with several renowned maneuver detection algorithms, including measurement residual
based detector17 and minimum turn acceleration based detector.6 We also want to compare the model switching
tracker using our maneuver detection method with the interacting multiple model (IMM) estimator,17 which
does not make a hard decision on whether the target is maneuvering or not.

Another important issue is the performance comparison in terms of estimation accuracy when range rate
information is either used or ignored by the tracker. We simplify the analysis by using the steady state estimation
error of a Kalman filter to indicate the ideal error bounds with and without range rate measurements. The results
help understand the tracking performance obtained with realistic target maneuvers and serve as a guideline for the
tracker design where performance degradation is expected due to the uncertainty of target maneuver capability.

The rest of the paper is organized as follows. Section 2 formulates the target maneuver detection and
tracking problem. Section 3 presents different maneuvering detection algorithms including the proposed Page’s
test based on the estimated total acceleration. A measurement conversion technique is also presented to treat
the range rate as a linear measurement of the target state. Section 4 discusses the tracker design issues for the
model switching tracker and the multiple model estimator. Section 5 evaluates the detection and estimation
performance using realistic E2C tracking scenarios25, 26 with various target maneuver motions along tangential
and normal directions. Section 6 presents the comparison of tracking accuracy with and without range rate
information based on a steady state analysis. Section 7 summarizes the results and discusses a few future
research tasks.

2. PROBLEM FORMULATION

2.1. Target Dynamic Model and Measurement Equation

Without loss of generality, we consider a target motion being modeled in the two-dimensional Cartesian coordi-
nates given by4

xk+1 = Fxk +Gwk (1)

where the state includes the position and velocity along x and y axes; the process noise is a zero-mean white
Gaussian acceleration sequence wk ∼ N (0, Qk); the time invariant matrices are G = diag[G2, G2] and F =
diag[F2, F2] where

G2 =

[

1
2T

2

T

]

F2 =

[

1 T
0 1

]

and T is the sampling time. The effect of target maneuver is modeled by a large process noise.

We assume that the radar is fixed at the origin. The measurement equation can be written as

zk = h(xk) + vk (2)

where zk = [ rk θk ṙk ]′ contains the range, bearing and range rate measurement; vk is the corresponding
measurement noise vector with Gaussian distribution given by vk ∼ N (0, Rk). We drop the time index k in the
sequel if it does not cause any confusion. The measurement equations for target range, bearing and range rate
are give by r =

√

x2 + y2 + vr, θ = tg−1(y/x) + vθ, ṙ = xẋ+yẏ√
x2+y2

+ vṙ, respectively.



2.2. Formulation of Maneuver Detection Problem

We assume that the non-maneuver target motion is modeled by nearly constant velocity with known process
noise power spectral density (PSD).4 If a target starts a maneuver with unknown acceleration magnitude a
at an unknown time n, the maneuver onset detection problem can be formulated as testing the following two
hypotheses:

H0 : target is not maneuvering, am = 0 for all m = 1, ..., k;

H1 : target starts a maneuver at an unknown time n, am 6= 0 for some m = n, ..., k.

This problem is also known as the change point detection in the statistics literature,5 where the hypothesis
H1 is composite due to the unknown parameters a and n.

3. MANEUVER DETECTION WITH RANGE RATE MEASUREMENTS

Existing maneuver detection algorithms can be classified into two types of hypothesis tests: chi-square based
test, which does not require the knowledge of target maneuver and likelihood ratio based test, which does. A
more detailed performance comparison of maneuver detection methods can be found in.17, 22, 24 Most maneuver
detection algorithms rely on the assumption that the residual sequence of the filter is white Gaussian. Notice
that the range rate measurement can be a direct indicator of possible target maneuver even when the residue
sequence deviates from Gaussian distribution, we want to exploit its proper usage for quick detection of target
maneuvers.

3.1. Total Target Acceleration Based Detector

Since a range rate measurement itself can be quite noisy, an estimation technique is required to obtain the
magnitude of the target acceleration. A novel approach was developed6 to model nearly constant turn rate

target maneuvers. Specifically, at time k, the target speed is estimated by sk = sk−1 =

√

ˆ̇xk−1 + ˆ̇yk−1. The

target heading is estimated by αk−1 = tan−1(
ˆ̇xk−1

ˆ̇yk−1

); the angular difference between the inverse bearing and the

target heading is estimated by γk = cos−1(− ṙk

sk
). The two possible target headings are αk = (θk + π) ± γk with

the target bearing being estimated by θk = tan−1( x̂k−1

ŷk−1

). The minimum heading change of the target is given by

τmin = min{(αk − αk−1)mod 2π, (αk−1 − αk)mod 2π}. Thus the minimum target turn acceleration is

cmin =
skτmin

T
(3)

where T is the sampling interval. Note that the distribution of the test statistic under the non-maneuver
hypothesis H0 is difficult to obtain. We found that the tail distribution of cmin under H0 becomes heavier as the
process noise or the measurement error covariance increases.

Since the cmin detector only estimates the target turn acceleration which is sensitive to radar-target geometry,
it is natural to use the total acceleration along both tangential and normal directions as target maneuver indicator.
At time k, the tangential acceleration is estimated by

ât =

∣

∣

∣

ˆ̇xk−1 sin θk + ˆ̇yk−1 cos θk − ṙk

∣

∣

∣

|cos γk|T
(4)

The normal acceleration is estimated by ân = cmin. The total target acceleration is thus given by

â = cmin 2 =
√

â2
t + â2

n (5)

The detector is denoted as cmin 2. The major issue for the above two acceleration based detectors is threshold
selection for a desired test size since the distribution of the test statistic under H0 does not have a closed form.

As observed in our previous study,23 by including the range rate measurement in the Kalman filter update,
the tracker becomes less credible when process noise PSD is small. An alternative is to exploit the range rate
information in the maneuver detection only. The Kalman filter updates the state estimates only with the range
and bearing measurements. This approach is denoted as cmin 3.



3.2. Generalized Page’s Test Based Detector

Page’s test, also known as the cumulative sums (CUSUM) test, guarantees the quickest maneuver detection with
a given false alarm rate when the target maneuver motion is known. The test computes the cumulative sum of the

log-likelihood ratio between H1 and H0.
13, 14, 21 This can be summarized as follows. Denote by Lk = log f(zk|H1)

f(zk|H0)

the log-likelihood ratio of two hypotheses H1 and H0 based on the measurements zk , (z1, ..., zk) up to time k.
Then Page’s test is a sequential detection scheme implemented as follows.5

Lk = max

{

Lk−1 + log
f

(

zk|H1, z
κ−1

)

f (zk|H0, zκ−1)
, 0

}

, L0 = 0 (6)

where f
(

zκ|Hi, z
κ−1

)

(i = 0, 1) are the marginal likelihood functions of the hypotheses. A target maneuver is
declared if Lk ≥ λ; otherwise the test continues. The stopping time n̂ = min{k : Lk ≥ λ} is the time that a
target maneuver is declared.

Based on the estimated target acceleration â (cmin 2 or cmin 3), using the range rate measurement, we can
obtain the empirical distribution of the target acceleration statistic in both non-maneuver and maneuver cases.
Since Gamma density is flexible to approximate the distribution of the estimated total acceleration when it is
not multi-modal, we assume

f(â|β, γ) =
1

γβΓ(β)
âβ−1e−

â
γ (7)

where β and γ are the parameters depending on the underlying hypothesis and Γ(β) =
∫ ∞

0
e−ttβ−1dt is the

standard Gamma function. We use maximum likelihood estimates (MLEs) β̂ and γ̂ obtained through simulated
target motions. These empirical distributions are obtained off-line with a class of target maneuver motions where
a Kalman filter based tracker is used. Based on the approximated density f(â|β̂, γ̂) under each hypothesis, we
can formulate maneuver detection problem as follows

H0: non-maneuver with a known distribution of total acceleration f0(â|β̂, γ̂)

H1: target starts to maneuver at time n in one of the K possible motions corresponding to the distribution
of the total acceleration fi(â|β̂, γ̂), i = 1, ...K.

Note that H1 is a composite hypothesis including multiple possible distributions, each of which corresponds to
a particular maneuver motion indicated by the estimated acceleration. Specifically, fi(â) may belong to different
distribution family with certain unknown parameters.

One way to implement the above scheme is to run K Page’s detectors in parallel with various thresholds
based on the desired false alarm rate for each target maneuver type. The test has the form

Lj
k = max

{

0, Lj
k−1 +

log fj(â)

log f0(â)

}

, j = 1, ...K (8)

with Lj
0 = 0. We denote this test as a generalized Page’s test since the threshold for Lj

k corresponds to the j-th
target maneuver model (in terms of the acceleration magnitude) being true. A model switching tracker can be
designed accordingly. Clearly, in order to properly employ this scheme for tracking, the model set design for
multiple model trackers is of great importance, i.e., how to choose maneuver models to cover the target motion
space in a cost-effective way. Results in references15, 20 provide theoretical analysis and practical examples.

3.3. Range Rate Measurement Conversion

In the previous discussion, we assume that a Kalman filter is used under different target motions. However,
tracking in the Cartesian coordinates with polar measurements is a nonlinear estimation problem. Measurement
conversion methods have been extensively studied as in3, 7, 16 and the references therein. The basic idea is
to transform the nonlinear measurement equation into a pseudo linear form in the Cartesian coordinates and
then estimate the bias and covariance resulted from the converted-measurement error. However, the range rate
measurement can not be directly converted into a linear function of the Cartesian velocity vector. A lot of efforts



have been made to study the performance of the EKF with different linearization techniques. Among these, a
couple of filter divergence instances were reported when using the EKF.6

Due to the simplicity of the Kalman filter and the reliance on the Kalman filter output for a set of existing
target maneuver detectors, we adopt a simple scheme to convert the range rate into a linear measurement and
provide an analytic formula for bias compensation when range rate measurement error is small.1 Technical
details are given in Appendix A. Note that the bias compensation for the range rate measurement is unnecessary
whenever the bias significance factor is relatively small. This is the case for the E2C simulation scenarios to be
discussed next where one has good range and bearing measurement accuracy.25, 26 As such, the state estimation
can be implemented within a linear framework. The above measurement conversion technique enables us to
compare the performance of various target maneuver detectors in a standard Kalman filter setting.

4. TRACKER DESIGN

We would like to investigate the performance gain in tracking accuracy by using the range rate measurement.
A variety of techniques have been developed for maneuvering target tracking in the literature.4, 17 One of the
widely used techniques in decision-based approach is the noise-level adjustment. It is assumed that the effect
of a target maneuver can be accounted for by increasing the process noise level (i.e., the covariance matrix Q).
When a maneuver is detected, the Kalman filter will switch from a lower to a higher process noise level. The
goal is to achieve good tracking performance under both non-maneuver and maneuver motions. Alternatively,
the multiple model (MM) approaches have been extensively studied and demonstrated as a cost effective tool
to handle the target motion uncertainty among which the interacting multiple model (IMM) is considered the
state-of-the-art tracker.19 Thus we compare the maneuver detection based model switching tracker with the
IMM estimator under different types of target accelerations. The white noise acceleration (WNA) model4 with
two levels is used in the model switching tracker. The low level Qlow is for the non-maneuver case while the high
level Qhigh is for the maneuver motion. The two-model IMM tracker has similar design of Qlow and Qhigh for
the non-maneuver and maneuver modes, respectively.

5. SIMULATION STUDY

In order to evaluate the maneuver detection performance with and without the range rate information, scenarios
representing different aspects of the target motion are generated by a curvilinear model. These scenarios, although
simple, characterize the typically encountered maneuver motions of an aircraft.

5.1. Ground Truth Target Trajectory Generation

The continuous time 2D curvilinear motion model is given by18

ẋ(t) = v(t) cosφ(t) + wx(t) (9)

ẏ(t) = v(t) sinφ(t) + wy(t) (10)

v̇(t) = at(t) + wv(t) (11)

φ̇(t) = an(t)/v(t) + wφ(t) (12)

where (x, y), v, φ denote the target position, speed and heading. This model is fairly general since it accounts for
along- and cross-track accelerations along the tangential and normal directions. Note that by using a curvilinear
motion model to generate the ground truth, there is a model mismatch between the true target motion and the
Kalman filter based on a WNA model with a low or high process noise level. This model mismatch is typical in
real tracking and we want to keep the ground truth close to the E2C operational profiles, so the design of the
maneuver detector and of the multiple model tracker becomes harder.



5.1.1. Tracking Scenarios

The initial state of the target is (x0,y0,v0,φ0)=(60km, 90km, 412m/s, 45 deg) with small noise disturbance
σwx

= 0.05m, σwy
= 0.05m, σwv

= 0.025m/s and σwφ
= 0.001 deg. The radar is located at the origin and

measures target range, bearing and range rate. The range measurement noise is a random variable uniformly
distributed over ±60 feet. The range rate measurement noise is a random variable uniformly distributed over ±4
knots. The bearing measurement noise is zero mean with standard deviation σθ = 7mrad. The sampling time
T = 0.25s. These parameters are chosen in accordance with the typical E2C tracking scenario using an APS-145
radar.25, 26 The following four scenarios are used for performance evaluation with the acronyms highlighted.

(E2C0) Deterministic non-maneuvering scenario. The target moves at a constant velocity during k = [1, 250].

(E2C(at, a)) Deterministic tangential acceleration scenario. The target makes a tangential/normal maneuver
during k = [130, 250] with a magnitude of a m/s2.

(E2C(an, a)) Deterministic normal acceleration scenario. The target makes a tangential/normal maneuver
during k = [130, 250] with a magnitude of a m/s2.

(E2C(an, a)-E2C(at, b)) The target makes a normal maneuver during k = [130, 209] with a magnitude of a
m/s2 and tangential acceleration during k = [210, 300] with a magnitude of b m/s2.

The first scenario is used to demonstrate the filter behavior designed for non-maneuver target motion. The
second scenario is designed to examine the average detection delay under different maneuver types and magni-
tudes. The smaller a is, the harder the maneuver motion is to detect. The last one contains different maneuver
motions in two successive maneuvers.

5.2. Performance Measures

The following measures are used to evaluate the performance of the candidate algorithms.

5.2.1. Measures for Detection and Estimation Accuracy

The detection performance is compared in terms of the average onset detection delay (n̂ − n). The root mean
square error (RMSE) of the state estimate is used to compare the tracking performance, which is defined as

RMSE(x̂k) =

√

√

√

√

1

N

N
∑

i=1

(xk − x̂k)′(xk − x̂k) (13)

where N is the number of Monte Carlo runs; xk is the true state vector; and x̂k is the estimated state.

5.2.2. Measure for Filter Credibility

The filter credibility analysis is done by calculating the average normalized estimation error squared (ANEES).
Denote by (xi − x̂i) the vector of state estimation error in run i; Pi =cov(xi − x̂i), N the total number of runs,
and n = dim(x). The ANEES is defined as follows.

ψANEES =
1

Nn

N
∑

i=1

(xi − x̂i)
′P−1

i (xi − x̂i) (14)

The closer the ANEES is to 1, the more credible the filter is.

5.3. Simulation Results

All results are averages over 100 Monte Carlo runs. The tracking period begins at 100 sec after time zero and
continues for 150 sec in the first two scenarios and 200 sec for the last scenario. This ensures a fair comparison
by letting initial errors stabilize and all trackers have the same starting point at the end of the startup period.
The threshold for each detector was determined by simulations under scenario E2C0 with a given false alarm

rate Pfa = 1%. Model transition probability matrix used in the IMM is P =

[

0.9 0.1
0.1 0.9

]

.



5.3.1. Filter Design

To make filters credible, we should properly design process and measurement noise covariances Q and R,

respectively. The process noise covariance for the WNA model is given by Q = q ·
[

Q1 O
O Q1

]

, where

Q1 =

[

1
3T

3 1
2T

2

1
2T

2 T

]

, O =

[

0 0
0 0

]

, and T is the sampling interval. Therefore, the key is to choose the

value of q.

In the simulations, we found that q in the filter using range rate measurements should be larger than the
one without ṙ in order to keep filter credible in terms of ANEES. However, such a filter is pessimistic in terms
of normalized innovation squared (NIS). A possible reason may come from the errors caused by linearization
in the measurement model where range rate measurements are actually highly nonlinear in states. The cmin 2

filter needs a different design in terms of credibility since it does not use range rate measurements in state
estimation update. Table 1 lists the corresponding noise covariances used in WNA-L and WNA-H models of the
E2C scenarios for different trackers. R = (11)2I was used for all tested E2C scenarios based on the true range
standard deviation. More detailed discussions about filter design can be found elsewhere.23

Table 1. Filter design of process noise PSD q in the unit of m2/s3

q WNA-L, Qlow WNA-H, Qhigh

detectors without rdot 10 500
detectors with rdot 30 2000
cmin 3 0.8 800
IMM 5 1000

5.3.2. Approximate Distributions for Generalized Page’s Test

The approximate Gamma distributions for tangential and normal accelerations were obtained for small maneuver
magnitude. Fig. 1 and Fig. 2 show the histogram and the approximate Gamma distribution for two scenarios
E2C0 and E2C(an,20). We can see that these empirical distributions are uni-modal but with peaks larger than
the true maneuver magnitude. More simulation results not listed here show that the distribution of cmin 2 depends
on the accuracy of the range rate measurement, target motion types and target geometry.23
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Figure 1. Bar plot vs. Gamma pdf: non-maneuver
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Figure 2. Bar plot vs. Gamma pdf: E2C(an,20)

5.3.3. Comparison of Detection Performance

The detection performance of different detectors is compared over different E2C scenarios under a given false
alarm rate Pfa = 1%. Here MR and MR(noRate) denote the measurement residual based detectors with and



without range rate measurements, respectively. The window size used by MR based detectors is 5. We denote
cmin and cmin 2 the maneuver detectors based on statistics cmin and cmin 2, respectively. Denote by cmin 2 CUSUM

Page’s detector based on cmin 2 with the approximate Gamma distribution. Denote by cmin 3 CUSUM Page’s
detector based on cmin 3 that uses range rate measurement only for detection but not for update state estimate.
Detailed simulation setup and parameter settings can be found elsewhere.23 The average onset detection delays
for different detectors are listed in Table 2.

Table 2. Average detection delay of maneuver onset time (Pfa = 1%)

n̂− n E2C(at,10) E2C(at,20) E2C(an,20) E2C(an,30)
MR(noRate) 17.05 10.65 39.58 29.56

MR 35.37 5.74 44.22 34.42
cmin 1.70 1.00 22.12 14.86
cmin 2 1.54 1.00 23.4 12.99

cmin 2 CUSUM 1.54 0.99 26.82 19.01
cmin 3 CUSUM 1.59 1.01 3.74 2.64

Table 2 shows that using range rate measurements does improve the detection performance for all tested
scenarios. The cmin 3 CUSUM detector almost always has the best performance for all scenarios. The performance
of the cmin 2 CUSUM detector depends on the accuracy of the approximate Gamma distribution of the total
acceleration. The cmin 2 CUSUM and cmin 2 detectors had comparable performance.

5.3.4. Comparison of Estimation Performance

In this section, the tracking performance is compared under scenarios E2C(an, 30) and E2C(an,20)-E2C(at,20).
Fig. 3 and Fig. 4 shows the position and velocity RMSE for the two scenarios, respectively. Denote by MR(ideal)
the tracker with the process noise level changing from Qlow to Qhigh at the exact maneuver onset time with the
range rate measurements. This estimator provides a baseline solution for comparison.
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Figure 3. RMSE of scenario E2C(an,30)

It can be seen that the tracking accuracy based on the cmin 3 CUSUM detector improved in both position and
velocity components after the target maneuvers, which outperforms other trackers including the IMM tracker and
is closest to the ideal MR based tracker. In terms of credibility of the ANEES shown in Fig. 5 (left: cmin 3 CUSUM,
right: IMM), both cmin 3 CUSUM and IMM trackers are pessimistic during non-maneuver segment and optimistic
during maneuver segment compared with the 95% confidence interval of the ANEES. The cmin 3 CUSUM tracker is
more credible than IMM tracker during target maneuver. In this scenario, the performance of the IMM tracker
could not be improved more even with different filter designs. Due to slow detection, the IMM has a large
overshoot which is inline with the MR because the IMM model switching is actually based on measurement
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Figure 4. RMSE of scenario E2C(an,20)-E2C(at,20)
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Figure 5. ANEES of scenario E2C(an,20)-E2C(at,20)

residuals. It is hard for the cmin 2 tracker to detect the second maneuver in E2C(an,20)-E2C(at,20), which
increased estimation errors. This is because that the test statistics of normal and tangential accelerations based
on cmin 2 have different distributions, which makes it difficult to detect by a single threshold.

6. PERFORMANCE COMPARISON USING STEADY STATE ANALYSIS

In this section, we want to quantitatively study the performance improvement using range rate measurements
in terms of the estimation error covariance in the steady state. To make the formulation analytically tractable
and the results meaningful as a guidance for filter design, we assume the tracker is implemented in a radar local
coordinate system with x and y axes along the range and cross range. Thus the range rate measurement will only
affect the tracking accuracy along the line of sight. Without loss of generality, we consider the one dimensional
target motion with the state vector given by xk = [xk, ẋk]′. The target dynamics and the two observation models
with and without range rate measurements are

xk = F2xk−1 +G2wk

z1c(k) =
[

1 0
]

xk + v1k , H1xk + v1k

z2c(k) = I2×2xk + v2k , H2xk + v2k

where H1 =
[

1 0
]

, H2 = I2×2, wk ∼ N(0, σ2
w), v1k ∼ N(0, σ2

v) and v1k ∼ N(0, R2). We assume that

R2 =

[

σ2
v 0
0 σ2

v̇

]

.



The steady state Kalman filter for observation with and without range rate are given by4

x̂1c(k + 1) = Fx̂1c(k) + FK1[z1c(k) −H1x̂1c(k)]

x̂2c(k + 1) = Fx̂2c(k) + FK2[z2c(k) −H2x̂2c(k)] = Fx̂2c(k) + FK2[z2c(k) − x̂2c(k)]

where x̂1c(k) and x̂2c(k) are state estimates, and the Kalman filter gain K1 and K2 are given by

K1 = P1H
′
1(H

′
1P1H1 + σ2

v)−1

K2 = P2H
′
2(H

′
2P2H2 +R2)

−1 = P2(P2 +R2)
−1

Note that P1 and P2 are the steady state a priori error covariance matrices with or without the range rate
information. They are the solutions to the following algebraic Racatti equations

P1 = F [P1 − P1H
′
1(H1P1H

′
1 + σ2

v)−1H1P1]F
′ + σ2

wGG
′ (15)

P2 = F [P2 − P2(P2 +R2)
−1P2]F

′ + σ2
wGG

′ (16)

For the discrete time white noise acceleration model, there exists the analytical solution for p
(1)
11 , p

(1)
12 and p

(1)
22

given by4

P1 =

[

p
(1)
11 p

(1)
12

p
(1)
21 p

(1)
22

]

=

[

α β
T

β
T

β(α−β/2)
(1−α)T 2

]

σ2
v (17)

where α = 1
8 (λ2 + 8λ − (λ + 4)

√
λ2 + 8λ), β = 1

4 (λ2 + 4λ − λ
√
λ2 + 8λ) and the target maneuvering index is

defined as λ = σwT 2

σv
.

Fig. 6–Fig. 7 show the steady state filter gain for the cases with and without range rate measurements. We
can see that the steady state filter gain with range rate measurement is very different from the α-β filter and its
analytical expression is much more involved than (17).
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Figure 6. Steady state filter gain of position component:
with range rate vs. without range rate
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Figure 7. Steady state filter gain of velocity component:
with range rate vs. without range rate

Fig. 8–Fig. 9 show the estimation error variances in position and velocity for various target maneuvering
indices compared with the ideal bound given by the covariance of the process noise. We can see that in the
steady state, both filters approach the ideal error bound. The filter with range rate measurement has a saturation
region for position estimation error variance for the target maneuvering index below 0.2. Similar characteristics
can be seen from Fig. 9 where the velocity estimation error variance approaches the ideal error bound when the
range rate measurement is available. Clearly, the benefit of using range rate measurements for the improvement
of estimation accuracy lies in a certain range of the target maneuver index. When the target maneuvering index
is very small, the target motion model is fairly accurate and the improvement through range rate measurements



is small. Alternatively, when the target maneuvering index is very large, the target motion uncertainty can
not be significantly reduced using the range rate measurements. The analysis, although quite simplified with
the white noise acceleration model, reveals that there exists a certain range of practical interest, e.g., target
maneuvering index within (0.05, 1), that the filter using range rate measurements can improve the estimation
accuracy significantly. This also explains the simulation results, where tracking accuracy improves more in
velocity than in position for various target maneuver motions with a moderate magnitude.
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Figure 8. Position estimation error variances: with range
rate, without range rate, and ideal case
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Figure 9. Velocity estimation error variances: with range
rate, without range rate, and ideal case

7. CONCLUSIONS AND FUTURE WORK

In this paper, we studied the maneuver detection using Page’s test based on the estimated total acceleration.
In addition, a simple measurement conversion technique is used to treat range rate as a linear measurement so
that a Kalman filter can be applied. Extensive simulation comparison in terms of detection and tracking has
been carried out under different E2C scenarios. The performance improvement in terms of tracking accuracy
is observed for both tangential and normal accelerations compared with the popularly used IMM tracker. The
ideal performance limit using range rate measurements is also quantified through a steady state analysis with
a simplified filter model under various target maneuvering indices. The plots indicate the existence of a region
of target motion uncertainty where the tracking accuracy improves significantly in both position and velocity
estimates.

Future work may include the following: Investigate the filter design issue, especially for tracking based on
the detection of the generalized Page’s test when true maneuvers are unknown. Explore the potential of using
range rate statistic for model set design when the target maneuver type and magnitude are unknown. Further
develop non-simulation based performance prediction using steady state analysis to quantify the benefit of using
range rate measurements when the target-senor geometry is also included in the formulation. It has important
implication to the use of multi-sensor data fusion to enhance the tracking performance.
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Appendix A. Range Rate Measurement Conversion for Kalman Filter

Here we present a measurement conversion technique when the range rate is treated as a linear measurement
for the Kalman filtering. For convenience, the time index is dropped in the measurement equation. Denote the
converted measurement from the polar (rm = r+wr, θm = θ+wθ, ṙm = ṙ+wṙ) to the Cartesian coordinates as
zm = [ xm ym ṙm ]′, where r, θ and ṙ are the true range, bearing and range rate, respectively; wr ∼ N (0, σ2

r),



wθ ∼ N (0, σ2
θ) and wθ ∼ N (0, σ2

ṙ
) are independent measurement noise. The unbiased measurement conversion

of the position measurement in the Cartesian coordinates is3

xm = b−1
1 rm cos θm (18)

ym = b−1
1 rm sin θm (19)

where b1 , E[coswθ] = e−σ2

θ/2 is the multiplicative bias introduced by the measurement conversion. Denote by

b2 , E[cos 2wθ] = e−2σ2

θ . The corresponding covariances of the converted position measurement R11, R22, R12

can be calculated conditioning on the position observations (rm, θm).3

Assuming the measured target bearing is accurate enough, according to the target dynamics ṙ = ẋ cos θ +
ẏ sin θ, by replacing the true target bearing with the measured one, we have the linear measurement equation
including the range rate given below

zm
k =





1 0 0 0
0 0 1 0
0 b−1

1 cos θm
k 0 b−1

1 sin θm
k



xk + vk (20)

To obtain the corresponding covariance, the squared error should be averaged conditioned on the observations
(rm, θm). After some algebraic manipulation, we have

R13 , cov(xm, ṙm) = E[(b−1
1 rm cos θm − r cos θ)(b−1

1 (ẋ cos θm + ẏ sin θm) − ẋ cos θ + ẏ sin θ)|rm, θm]

=
b−2
1 + b2 − 2

2
rm(ẏ sin 2θm + ẋ cos 2θm) +

b−2
1 − 1

2
rmẋ (21)

R23 , cov(ym, ṙm) = E[(b−1
1 rm sin θm − r sin θ)(b−1

1 (ẋ cos θm + ẏ sin θm) − ẋ cos θ + ẏ sin θ)|rm, θm]

=
b−2
1 + b2 − 2

2
rm(ẋ sin 2θm − ẏ cos 2θm) +

b−2
1 − 1

2
rmẏ (22)

R33 , cov(ṙm, ṙm) = E[(b−1
1 (ẋ cos θm + ẏ sin θm) − ẋ cos θ + ẏ sin θ)2|rm, θm]

=

[

(b−2
1 − 2) cos2 θm +

1 + b2 cos 2θm

2

]

ẋ2 +

[

(b−2
1 − 2) sin2 θm +

1 − b2 cos 2θm

2

]

ẏ2

+ (b−2
1 + b2 − 2)ẋẏ sin 2θm + σ2

ṙ (23)

and R11, R12, R22 were derived in.3 Since the true ẋk and ẏk are not available in practice, we use the state
estimate from time k − 1 instead, i.e., x̂k−1|k−1 and ŷk−1|k−1.
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